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ABSTRACT 


The present study briefly reviews the special 
guiding and focusing properties of a uniformly twisted 
electrostatic quadrupole (helipole). A simple and 
unigue new method for physically generating the fields 
of this structure is then presented and an approximate 
analytical solution for the fields is derived. The 
validity of the analysis is then examined experimentally 
with first a two ieenad ona? mapping technique, and 
finally by constructing the structure and examining its 
guiding properties with the aid of a steerable electron 
bean which supplies a graphical output on a 


phosphorescent screen. 
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CHAPTER 1 


INTRODUCTION 


Through the years there has been an ongoing 
examination of many methods and structures to guide or 
focus streams of charged particles! 2, These devices 
cover a large spectruam of applications from the focusing 
of an electron beam in a cathode ray tube to the 
confinement of heated plasmas for fusion research. When 


strong transverse focusing is desired, a common. structure 


used is the gquadrupole2 3, The guadrupole in its most 
general definition consists of four electrodes (or 
magnetic pole pieces) arranged so as to generate 


transverse electric (or magnetic) fields whose intensity 
at any point is proportional to the transverse distance of 
the point from the Longitudinal axis (z axis,see Figure 
1). The transverse nature of the generated fields gives 
the quadrupole an advantage over the amore classical 
structures where the applied field is longitudinal and 
hence focusing occurs only from a differential effect. 
Consider for example the classical structure where 
focusing is obtained by introducing a strong magnetic 
field along the longitudinal axis parallel to a stream of 
charged particles, The focusing force in this case is 
proportional to the stream's transverse velocity and is 


not radially directed. On the other hand in a magnetic 
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quadrupole the force on a particle is proportional to the 
stream's longitudinal velocity, which is usually higher 
than its transverse velocity ,and the force is radially 
directed. The force also increases with the radial 


distance of the particle from the longitudinal axis. 


The quadrupole however has one inconvenient feature 
in that it is convergent in only one transverse direction 
and is divergent in the transverse direction which is 
perpendicular to the first one. Overall focusing can 
however be obtained using combinations of quadrupole 
structures. A brief introduction to quadrupoles and how 
focusing can be obtained follows in Section 1.1. Also 
presented is a description of a special variation of a 
quadrupole which is the uniformly twisted electrostatic 
quadrupole, or helipole. The general purpose of this 
thesis is to examine a unique new structure for generating 
the fields of a uniformly twisted electrostatic quadrupole 
and to then confirm the validity of the derived analysis 
for the structure by the construction and testing of an 


experimental helipole. 
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1.7 QUADRUPOLE LENS 


Magnetic Electrostatic 


say 

x 
isa 
Figure 1: Cross Section of Typical Magnetic 
and Electrostatic Quadrupoles 


ay 


A quadrupole structure consists of four 
hyperbolically shaped pole pieces as shown in Figure 1. 
The principal feature of the quadrupole structure is that 
the fields generated(neglecting edge effects) result in 
forces (F) on the charged particles which are linearly 
proportional to the distance of the particle from the 


transverse axes: 


Sek Stree 
(1.1) > Gaeimigs me tant 
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where k is a constant which is a function of the 
structure’s geometry and the strength of the applied 
fields, q is the particles charge, and an is the 
relativistically corrected transverse mass of the 


particle. 


There is thus a linear force towards one axis and a 
divergent force away from the other axis . The structure 
thus provides focusing in one transverse direction and 


defocusing in the other transverse direction. 


Focusing along both transverse axes can be obtained 
by passing the particle through a series of quadrupole 
sections, each section being rotated through some angle 
relative to the previous section. The most classic 
combinations are the doublet, triplet and multiplet 
combinations? where two, three or more sections are used, 


each rotated ninety degrees relative to its predecessor. 


The simplest device for obtaining focusing in both 


transverse planes is the doublet shown in Figure 2. The 


wid) a onto, “a oo abies gt 8 snode | 

Sah ddus pais) Yoo ‘dagieate oot ° pas: | Gideenon eorateoxta a 

edt 2) a ihe” ‘vaste sheutotey- ais ‘at oa vabiels ma iat 
ads: to. omer fasion yenbvesoavarotes 

oy areca ua 

: a 


a tia Poo 4m ac nhasver #3 esa ee eudy al agent - 
eaussta te pala | i .gits ssl se wid wis, Weiv & seer parce 4 
Biba | eed Sati | pate ants ano Any eytapoht enbivotg. aude: = 

“weorioendiiblodendis wide aad potenpaleb 1 


= 
. 7 sa a 


_ 


ean «a: ‘nas mecee iene ated gmoae bateaao® | 
aes + Betse: 2 igen ons 9 shade eas gatenn We a 

sts ac i eerie gestae, dose enh em a 
ra oat nek rone esoinpay ait? 38 acini = 

sata oe bab eetanse tata» dap irs waa be Z 
me ety agotrb0e em xo ned? dus) oxen ‘oiietaeaailie 7 

| 90 fs neh or akesaton sowaget uyinte bid ats done, 7 


‘ 
Shi 


reason for the overall focusing effect in a doublet can 


seen from the following argument. 


be 


: Defocus Focus 
| ce 
. Focus Defocus 
zZ- 
Figure 2: Quadrupole Doublet 
If the first section of the doublet is defocusing, 


then the particles passing through the second section 


are 


further from the axis than they were in the first section. 


Since 


from the axis, the focusing force will be larger than 


defocusing 
oe 
the particles 
closer to the 
which 


forces 


first section 


results in a net focusing effect. 


on the other hand, 


force was, resulting 


the first 
passing through 


axis and therefore 


the restoring force is proportional to the distance 


the 
in a net focusing effect. 
section is focusing, then 
second section 


the are 


are subject to defocusing 


are smaller than the focusing forces of the 


were, This 


difference 


in forces again 
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1.2 THE HELIPOLE 


1.2.1 General 


A natural extension of the case of sultiple 
quadrupole sections each rotated through some angle 
relative to its predecessor is to examine the limiting 
case of such an arrangement. The resulting structure is a 
standard electrostatic quadrupole with aperature radius 
tat, which has been uniformly twisted 8 radians per metre 


about its Z axis, as shown in Figure 3. 


X 


Figure 3: Uniformly Twisted Electrostatic 
Quadrupole or Helipole 
Considerable theoretical and experimental work on the 
effects of such a twisted quadrupole on charged particles 
has been done by Youssef* 5, Vermeulen®, and Chute’. Fis & 
one establishes a fixed coordinate system at the entrance 


plane (0) of the helipole one may describe incoming 
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particles in terms of their input coordinates (Xo,Yo) and 
actual mechanical input momenta (Pxo,Pyo) . While the 
particles are in the helipole their positions (x,y,z) and 
canonical momenta (Pee Pro Pe) ave described in a rotating 
coordinate system which rotates B radians per metre with 
the helipole. At the exit plane (T) of the helipole a 
fixed coordinate system is constructed to coincide with 
the rotating one. Particles exiting the structure can be 
described in the fixed coordinate system in terms of their 
output position (X:,Y1) and output momenta (Px1,Py;). 
Since the fixed frames are chosen to correspond to the 
rotating ones at the entrance and exit planes of the 
helipole, the output coordinate plane will be rotated Ge 


radians with respect to the coordinate input plane. 


Youssef, Vermeulen, and Chute have shown that subject 


to the following approximations 


Pi 


(1.2) pee 


(Ba) << | 


an analytical expression can be derived relating the input 
(9) co-ordinates and momenta to the output (T) co- 


ordinates and momenta as follows: 
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Pzo is the Z-directed mechanical momentus at the entrance 


plane (the Z-directed velocity of a particle is assumed to 


particle traverses the 


remain constant while the 


10 


structure) and VY ais the potential through which the 
particle has been accelerated before injection. Vo is the 
magnitude of the potential at each quadrupole section and 
S is a stability factor whose magnitude must be greater 


than unity. 


These results show two interesting features. First 
of all, the trajectories of particles through the 
structure are independent of their charge to mass ratios, 
provided that all particles have been accelerated from 
rest through the same potential. This result would 
suggest that the same helipole could guide particles 
ranging from electrons to micron sized charged particles 
of low charge to mass ratios. The second interesting 
property is that by choosing the length z properly, (Q(z) ] 
becomes +I for a given value of s, where I is the unit 
matrix. Hence the structure can act as a novel type of 
lens. In order to image a system of particles however, 
all of the particles must have the same stability factor 


*s', An alternate expression for 's' © is 


(Bo) ‘ ; 
(1.5) S = Imgle fee + B(Xo Fe - Yo p.)| 


All the particles of the system will then have the same 
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stability factor if 


(1.6) Noha oe =O 


This result is achieved if the imcoming particles can 
be considered as a parallel beam or as having originated 


from a point source. 


1.2.2 Admittance and Stability Criteria 


The actual paths followed by the particles, as given 
by (7.4), show that the distance of a particle from the 
axis of the lens could theoretically exceed the radius ‘a'* 
of the lens structure. Hence the particles could strike 
the lens electrodes for some values of input position and 
momenta, Therefore there are limitations on the values of 
input variables which can be admitted to the lens and 
still resuit in a stable trajectory, where stability means 
that the particle's excursions are always less than the 
structure's radius. It has been shown’? that particles 


entering the lens must meet a confinement criterion of the 


form: 
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CHAPTER 2 
A NEW STRUCTURE 


2.1 General 


Electrostatic quadrupole fields are normally 
generated with four hyperbolic electrodes as shown in 
Figure 1. The potential distribution generated 
(neglecting edge effects) is k(X2-Y2) where k=Vo/b2. Here 
b is the radius of the largest circle which can be drawn 
on the aperature of the quadrupole without touching an 
electrode, and is equivalent to the aperature radius ‘a’ 


used earlier. 


Considerable theoretical and experimental work has 
been done on the helipole structure. The structure shows 
particular promise of being useful in guiding and focusing 
particles of low charge to mass ratios. One major 
difficulty however, which arises because the electrodes 
have to conform to a helical path along the longitudinal 
axis, is the rather complicated fabrication and assembly 
procedure required to build such a structure. A possible 
alternative is to approximate the fields of the helipole 
using a much simpler structure, a task which is the major 


concern of the present project. 


Consider the lines of constant potential. for a 


quadrupole as shown in Figure 4, If the cylinder shown by 
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the dashed line were to have the potential at any given 
point along its’. surface equal to k(X2-Y2), then the 
solution to Laplace's equation which meets these boundary 
conditions is simply the potential distribution of a 


quadrupole, 


Vix,y) = KC Xie Pa 


Figure 4&: Lines of Constant Potential for a Quadrupole 


While such continous matching of the fields to the 
boundary conditions is not possible, it does not’ seem 
unreasonable to assume that matching at a finite number of 
points may result in fields similar to those of a 


quadrupole. 


To realize this matching, the structure depicted in 
Figure 5 is proposed. In this case matching is obtained 
at a finite number of points on the boundary, by placing 
thin metallic conductors symmetrically about a cylindrical 


surface and holding each conductor at the appropriate 
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potential. 
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Pizure 5:9 Potential Uistribution for the New Structure 


The actual fields generated by such a struct:ure could 
be computed exactly by solving Laplace's equation subject 
to the boundary conditions presented by the conductors. 
However, such an analysis is impractical due to the 
immense complexity of the boundary conditions. For this 
reason an approximate analysis was developed, This 
analysis, which follows, yields the fields for a structure 
which is non-twisted. The actual solution for a twisted 
structure for which (87a) = <<1 can then be obtained by 
assuming that the aforementioned field rotates in space 


with the twisted structure 7, 
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2.2 APPROXIMATE THEORETICAL ANALYSIS 


(a) 


x 


(b) 


Figure 6G: (a) Fields of an Infinite Line Charge 
(b) Geometric Relations between 
Points in the Lens 


17 


Consider the infinite line charge, of density Pe ’ 
shown in Figure 6(a). A uniform cylindrical conductor 
will have the same far fields as an infinite line charge 
if there is sufficient symmetry such that Pe will be 
constant along the Z axis. Therefore let us try replacing 
the wires by a series of line charges. Examining Figure 
6(b), and defining the centre of the coordinate system as 
zero potential, then the potential at the point P(x,y) 
with respect to the origin and due to the i'th conductor 


is: 


(2.1) OVivie = 2 


Then assuming, since c<<b where c is the radius of 
the wire, that the fields are not greatly perturbed by the 
fact that one has metallic conductors rather than actual 
line charges one can apply superposition and the _ total 


potential at P(x,y) is then 


— Vixy) = 2 dVevi 
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thus giving one the potential for any point in the plane, 
if all of the Pus are known. One cannot directly specify 
the 9:°s however, one can only set the potentials on each 
of the conductors. One therefore computes the 
approximate 7.i,by choosing them subject to the boundary 
condition that the potential at a radius "c" from the i'th 
theoretical line charge, i.e. at the surface of the i'th 


conductor, must be Vi. Hence fron Figure 6(b) 


(2.3) Ui pee cae ee 


which can be reworked to: 


(2.4) re As ~¥tk Paki Pri b : ~ Pur Parc 
Vi ae fae ae Pee oa pea 


Equation (2.4) represents N simultaneous eguations 
which can be solved for the N 0.2;. Hence the potential at 
any point in the structure can now be computed once the 
potential cn each wire is specified. The desired 


potential distribution is: 
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(2.5) Vixy) = t( XY) = ft Rrcos2y 


where +Vo are the potentials at the electrodes of a 
standard quadrupole, R and W’ are the polar coordinates 
of the point, and b is the aperature radius. Therefore we 


set 


(2. 6) Vie a—onD Vomecos -< ¥ 


where D is an arbitrary scaling factor equal to one if one 


wishes to match the potentials exactly. 


A computer program to compute the potential 
distribution by this method was constructed. The results 
with D=1 showed that although the calculated distribution 
varies in the desired manner the potential is weaker in 
magnitude than the desired distribution. By choosing an 
appropriate scaling factor D however, a distribution very 
close to that of a guadrupole is generated (see Appendix 


A). Figure 7 below shows the relation between the 
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required scaling factor D and the number of wires used. 
Note that D tends toward one as the number of wires gets 
large. This result is consistent with the original 
assumption that one could generate the fields exactly if 
one could match the potential distribution continuously 


along a cylinder's surface, 


D 
Required b/c=151 
Scaling 
Factor 2 


2 l g 16 32 oe 
Number of wires Used 


Figure 7: Required Scaling Factor Versus 
Number of Wires Used 
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CHAPTER 3 


TWO DIMENSIONAL MODELING 


Prior to the actual construction and testing of the 
proposed lens structure the author felt that some 
experimental evidence supporting the theoretical 
calculations would be appropriate. Two well known 
techniques exist for approximately mapping the fields of 
various electrode shapes. The first method® is to immerse 
a model of the electrodes in a conductive electrolytic 
solution, and then trace the lines of constant potential 
with a thin insulated probe, The second method is 
restricted to electrode configurations whose fields vary 
only over two dimensions. It consists of attaching 
conducting sheets of the same cross sectional shape as the 
desired electrode on a uniformly resistive sheet 
(teledeltos paper). Lines of constant potential can then 
be traced with a high impedance probe. The second method 
is considerably easier to implement and therefore was 


used. 
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Figure o: Diagram of Conducting Circles on 
Teledeltos Paper 


Sixteen gquarter-inch diameter conducting circles were 
uniformly spaced about the circumference of an eight inch 
Circle on teledeltos paper. Each electrode was then 
attached with conductive epoxy and connected to the 
appropriate voltage as shown in Figure 8. The teledeltos 
paper was attached to a square Cardboard backing and then 
inverted and supported at its four corners. A theoretical 
plot of V(x,y)=(Y¥2-X2)/b2 equipotentials was then attached 
on the side of the cardboard opposite to that of the 
teledeltos paper { Note that in this section only, and in 


particular with reference to Figures 8 and 9, the 
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quadrupole potential distribution has been rotated through 
90 degrees in the X-Y tranverse plane). Experisgental 
points were then cbtained with a split probe which had a 
rolling contact on the teledeltos paper side of the 
cardboard and a circle guide at the same position on the 
theoretical plot. The rolling point contact was 
fabricated from the tip of a ball point pen. A sample of 
the results is shown in Figure 9. These results were 
obtained using a scaling factor (D) of 1.2, which speans 
that while the theoretical plot is for Vo=1., the 
experimental points were obtained with an applied 


electrode potential of 1.2 volts. 


Using Vo=1.2 volts, a small (.02 wolt) offset was 
found at the center which offset the experimental points 
slightly. However, most significant is the fact that the 
experimental points follow the hyperbolic shape of the 
theoretical constant woltage lines quite closely, 
indicating that the gradients cf the voltage are as 
desired. It is the gradient rather than absolute voltage 
that results in the forces being proportional to the 
distance from the axis. This gradient is the principal 


feature of quadrupole fields. 
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Figure 9: 


Theoretical Curves and Experimental Points 
for Two Dimensional Model as Obtained Ey 
Using Teledeltos Paper 
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CHAPTER 4 


Experimental Investigations 


As an experimental verification of the approximate 
analysis derived in Chapter 2, a structure to generate the 
electric fields of a helipole was constructed. The 
structure’s length was carefully chosen with the intention 
of examining the general guiding qualities and 
specifically the structure's lens-like imaging properties 
which occur when (Q(z) ] becomes +I. In order to examine 
the lens' effect on charged particle trajectories the face 
of a cathode ray tube was cut off and the electron beam of 
this tube was directed through the lens onto a 
phosphorescent screen. It was necessary to conduct the 
entire experiment under high vaccum conditions. A 


description of the working chamber follows. 


4.1 Vacuum System 


The system was pumped by a Welch Model 310D 
turbomolecular pump( 260 L. /sec) backed by a 8.3 L./sec 
roughing pump and by a Varian titanium sublimation source 
whose speed was increased by cooling the surrounding walls 


with liquid nitrogen. 


The working vacuum chamber itself was divided into 
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two parts. The quadrupole lens was mounted in a_ cross 
shaped chamber made of 6 inch diameter Corning Pyrex glass 
pipe. The cathode ray tube was housed in a six inch 
diameter aluminum pipe with electrical feedthroughs to an 
Beciiioccope at one end anda gate valve at the other. 
The advantage of using a gate valve was that it allowed 
isolation of the cathode ray tube from the rest of the 
system when it was raised to air, a process that is highly 
detrimental to the oxide coating of the emitter of the 
cathode ray tube. Pressure measurements were made with a 
Varian NRC 531 Thermocouple Vaccuum gauge in the range 10- 
2000 milli-torr, and a NRC 563-P Ionization Gauge below 


one milli-torr. 
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4.2 Emitter and Detector 


4.2.1 Cathode Ray Tube 


Of the numerous methods of generating and detecting 
Charged particles, the method most appealing for this 
project, due to its flexibility and immediate graphic 
output, is to use a steerable electron beam with a 
phosphorescent screen detector. The technology to 
generate, accelerate, focus and deflect an electron beam 
is known but is quite involved and considerably beyond the 
scope of the present project. Fortunately ,however, the 
entire technology is available in a packaged form from any 


oscilloscope. 


The source used in the experiment is the cathode ray 
tube of a Tektronics type 502 oscilloscope. By removing 
the cathode ray tube from the scope and cutting off its 
face one can acquire a steerable electron beam complete 
with the necessary electronics package to drive and 


deflect the bean. 


Unfortunately in the process of cutting the cathode 
ray tube the phosphorescent screen was damaged so that a 
replacement had to be built. A 6.35 om thick glass plate 
was plated on one side with a transparent layer of 


sputtered chromium. This plate was then coated with a 
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phosphorous powder (Sylvania Type P1611) to the density of 
approximately 5 mg/ cm2, The chromium supplies a path for 
the accumulated charge to drain off as the phosphorous 


itself is non-conductive, 


Ga2e2 Spot Size 


A reasonably small spot size was attainable on the 
face of the cathode ray tube of the oscilloscope used. 
However, in its final form, the path of the electron bean 
was lengthened by the better part of a metre. I+t was 
therefore deemed prudent to check if space charge beam 


spreading would be excessive. 


Zz 


Figure 11: Rays of a Convergent Electron bean 


In any axially symmetric focusing system, a net 
radially inward focusing force is applied to the electron 
beam. In the drift space following the focusing lens the 
electrons drift radially inward until such time as the 


space charge effects become sufficient to reduce to zero 


(ad 
Le} 


and then reverse the radial velocity of the electrons. At 
the point where radial velocity is zero (see Figure 11) 
the minigua radius Fro is obtained, By varying the 
magnitude of the focusing force on the beam, the target 
(minisum radius) plane can be shifted along the Z axis to 


be coincident with the phosphorescent screen. 


Now let us consider the spot radius after it passes 
the target plane, Let us approximate it by a 
cylindrically symmetric, uniform density beam moving in 
the Z direction with zero radial velocity. This 
arrangement is a well known problem? !9 1t and it can 


easily be shown that: 


cM fal TR 


(4.1) m F(z) = 207 & F(z) 


where 9 is the initial charge density, ‘ is the initial 
radius, m is the charged particle mass, r is the radius of 
the beam, and F ais the second derivative of r with 
respect to time. This equation can then be normalized and 
integrated numerically to generate a Universal Beam 


Spreading Curve (Figure 12). 
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Figure 12: Universal Bean Spreading Curve 


I is the total beam current in milliamperes (mA) , Vis 
the acceleration potential (in kV) through which the beam 
has passed in the Z direction. For the specific case of 
the cathode ray tube, the potential is 3kV and the initial 
radius varies with the focus but is at most about one 
millimeter. The path length from the original cathode ray 
tube face to the new screen is approximately 0.8 metres. 
The current can be varied considerably with the intensity 


control but should be typically much less than one mA. 
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Therefore, using .1 mA, the radius will be about three 
times the original radius. This result is at least 
marginally acceptable in itself and since the analysis 
ignores the fact that the controls of the oscilloscope 
allow us to shift the target plane away from the original 
tube face towards the new target, beam spreading should 
not be an overriding problem. Experimentally a line width 


of one to two millimetres was obtainable, 


4.3 Lens Fabrication 


The lens structure nominally resembles a_ slowly 
twisted squirrel . cage. Since it was desired that the 
individual wires be as small as possible in order to meet 
the approximations used in deriving the fields (c<<b), a 
free standing structure was impossible. The lens was thus 
constructed by cutting slowly spiraling grooves on a 
cylindrical support tube into which the wires could be 
laid. It was hoped that by choosing a_ thin-walled 
dielectric tube with a low relative permittivity, that the 
support would have little effect on the fields of the 
helipole lens. Due to its relative availability and 
reasonable machining qualities , a piece of polyethylene 


pipe was machined to the desired specifications. 
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Sonewhat arbitrarily, but with due consideration to 
the geometry of the vacuun system, a radius "b" for the 
twisted quadrupole of 1.66 centimetres was chosen. Then, 
in order to meet the approxigation used in deriving the 
transfer matrix (equation 1.2), while keeping the helipole 


lens as short as possible, B was chosen such that: 


be? (ps) = QO] 


This equation yields § equal to .191 radians per 
centimetre. The length Z. of the helipole is nominally 
arbitrary. However, one of the interesting features of 
the transfer matrix (Q(z) ] is that it becomes tI if "s" 


and 2 are chosen such that: 


nee Cos TZ, = CoS ™zZ, = ha 
(4. 3) Sth Tarhieiscn ts 25 =) © 
or 

TT, 2B, = mil 

Tata =) hh 


where m and n are integers both even or odd and Zz is the 
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length of the structure, From the definition of ‘T™ and 


Ta (equation 1.4) it follows that: 
(4.4) SS 
Substituting for s in (1.4) and (4.3) yields: 


(4.5) Z.= (aaa 


Obviously if one wishes to choose 2 with these 
Criteria in mind then it becomes necessary to have m>n in 
order to keep the stability factor greater than one. 
Therefore in order to minimize the structure's) length 
while still meeting the other requirements one chooses m=3 
and n=. This yields [Q(z) ] equal to -I, for s=1.25 and 

Z, =36.96 centimetres. The resulting tube was machined 


as shown in Figure 13. 
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Figure 13: Helipole Support Tube 


4,4 Magnetic Shielding 


Since the path for the electron beam from emitter to 
screen was relatively large (about 1.1 metres) some 
difficulty was encountered due to the deflection of the 


beam by the earth's magnetic field. 


A well known fact in magnetostatics is that a charged 
particle of mass m and charge q with a velocity v 
perpendicular to a uniform magnetic field B will describe 


a circular path, perpendicular to the field with radius R, 
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wheres 


(4.6) Bee 


Por the accelerating potential of the beam (3kV) and 
the average strength of the earth's magnetic field in the 
Edmonton area (55x 10-5 webers/m2) the radius is 3.36 
metres. Obviously for a radius this small the beam will 
describe a very curved path from the source to the target. 
It was in fact found to be impossible to pass the bean 
through the polyethylene pipe used to support the lens 
without having the beam strike the inside surface of the 


tube, 


Lt therefore became necessary to increase R 
significantly in order to perform the experiment. This 
increase can be accomplished in two ways, either by 
increasing the velocity of the electron beam or by 
reducing the ambient magnetic field. Increasing the bean 
velocity was ruled out due to the rather extensive 
modifications that would be required to the oscilloscope 
and cathode ray tube. Therefore, it became necessary to 


reduce the ambient magnetic field. 


bas (vee) daod ee vjog Ea ai | ¥, - * 
ont fi ered S1yenoait sa oe to ete abso ns a 
sfie ob elbhes vad | j 1 AFaeciaien . oh: ene Bean so $n x 

tts anad ang Lista ‘aed, sider Co aed! ‘pieaoiven ee7gee 
span eutd et apron] eds wort betas alice aie 5 ed2apueb 
neod > ods): Fed | on eidtakean, od) 9, pido? ich. these x 
enst ond saoqoue ot Been aqikg onabyatortod ond avuoadd ‘ : 
ott, Xo ‘sostzbe vas fe pie: erat) ene petrsd satin | i 


a Jsansxoak ot Ah dat ol anened ogaodenaa 2 . "Tes ow 
aide nana ade miptiten os: velo hk yituomahhiege 7 
wd vediee” ee ‘ove “hk! bedaeL | \ seeonmek 
we 30 aot oe at o. ee 
need igh 3 i, w : oe k =o D 7 
m 
 dikanosxy, ihe peage od Suit 0 ets ae ‘oie 
sacanettione inproe ties 8 beaow ate ancrsena tiem 


a 


37 


The next question then was to decide by what factor 
the field must be reduced. One of the amore interesting 
properties of a helipole is that neglecting gravity, if 
all paxticles are accelerated through the same potential, 
then their paths are independent of each particle's 
particular charge to mass’ ratio. Being particularly 
interested in guiding and focusing particles of low charge 
to mass ratio, Youssef in his thesis!2 calculated the 
perturbation to the original paths due to gravity from 
which he derived the following ineguality which sust be 


satisfied if gravity (g) is to be neglected. 


(4.7) Z 


While it can be shown that gravity does not present 
any problem with an electron beam, as a first order 
approximation, the force op the electron due to _ the 
magnetic field could be attributed to an artificial 
gravity field. Thus (4.7) can be used as a standard by 
which one can estimate by how such the magnetic field sust 


be reduced. One can now create the following artificial 


gravity (g«): 
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(4.8) F=mgs = 936 = 9 BE 


m 


Substituting in equation (4.7) yields: 


Sail 


(4.9) 2B (Ybs 
Vo 


where V,Vo,g and m are as defined in section 1.2. 


Substituting for the lowest value of Vo that one is 
likely to use (75¥, for which s=4) and previously stated 
values for the other parameters, the left hand side of 4.9 
yields a value of .927. From this result one can 
ascertain that the strength of the magnetic field must be 
reduced by at least a factor of ten in order to satisfy 


the inequality. 


There are three principal methods that can accomplish 
a reduction in fields. The first method is to rotate the 
experimental apparatus such that the beam path is parallel 
to the earth's magnetic field. In the Edmonton area 


however this would require rotating several tons of 
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equipment to an angle of about eighty degrees to the 
horizontal. Hence, for mechanical reasons this solution 
was rejected. A second alternative method would be to 
attempt to cancel the earth's magnetic field with an equal 
and opposite field generated with Helmholtz Coils. This 
method was eliminated due to the size of the required 
coils and the non-uniformities in the earth's field 
created by the presence of magnetic materials in and 
around the room, making nearly complete cancellation 
impossible. This result left the third alternative of 
using magnetic shielding. An examination of some of the 
literature in this field!3 1* !5 led the author to surmise 
that in order to obtain the reduction in magnetic fieid 
desired (by a factor of 10 to 20), a magnetic material 
with a relative permeability in the order of two thousand 
Or more was required if the shield thicknesses were to be 
kept reasonable. Since commercially available sheet steel 
only has a relative permeability of around three hundred, 


a slightly more exotic material was required. 


A. number of materials such as Mumetal, Supermalloy, 
and Moly-permalloy exist and are specifically made for 
such applications; however, their availablity and cost 
ruled out their use. The only material that the author 
was able to discover which was produced in large 


quantities and had good magnetic properties was the 
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silicon steel used in transformer cores . A small amount 
of 0.028 cm. thick core stock (0.011 inches) was donated 
by Maloney Electric Company of Canada, a transformer 
manufacturer in Spruce Grove, Alberta. Measurements of 
the final magnetic field reduction factor of the shields 
showed this material to have a relative permeability of 
approximately five thousand which was high enough to 


achieve the desired effects. 


4.4.2 Shield Construction and Measurements 


Referring to Figure 10, the geonetry of the 
experimental apparatus was such that it was deemed 
necessary. to construct the shield in three separate 
sections along the path of the electron beam. Over the 
area enclosed by the aluminum pipe that houses the cathode 
ray tube, an external two-layer shield was ccnstructed. 
The inner shield for the first section was 16.5 cm. in 
diameter and yielded a reduction in the earth's magnetic 
field of approximately twelve. The outer shield was 19.1 
cm. in diameter and reduced the earth's magnetic field by 
a factor of ten. The combination of both shields reduced 
the magnetic field below the threshold of the R.F.L. 
model 1890 Gaussmeter used, which had a zero to one gauss 
scale on its most sensitive setting. However, an 


approximate reduction factor S can be calculated from the 
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individual reduction factors S, and S, 14 


(4. 10) a S: (\ (2) } 


This equation yields a reduction factor of forty-two. 


The lens itself is housed in a cross shaped pyrex 
Chamber, the geometry of which made an external shield 
impractical. Therefore a double thickness (each, .028 
centimetres) cylindrical shield was constructed to fit 
inside the vacuum system. This shield had a diameter of 
15° cn. and reduced the fields by a factor of 


approximately twenty-five. 


With these two shields in place there was still a ten 
centimetre unshielded portion of the flight path in the 
region of the gate valve. The valve could not be operated 
with an internal shield in place so the external shield 


shown in Figure 14 was constructed. 
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Magnetic Shield 


fea 
4 


Figure 14: Gate Valve Magnetic Shield 


Gate Valve 


4.5 Modifications to Analysis 


4.5.1 Modifications Due To Shielding 


The original analysis of the fields of the lens 
called for approximate matching of the fields at each of 
the sixteen wire surfaces. However, the addition of a 
cylindrical magnetic shield created an additional boundary 


condition to consider. 
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Figure 15: Boundary Conditions of Modified Sinucture 


The original problem could only be solved by assuming that 
the fields of a long thin wire are the same as those of an 
infinite line charge. Using the same assumptions the 


following argument can be made. 


Figure 16: A Cylindrical Conductor in the Presence 
of an Infinite: line Charsce 
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Considering Figure 16, one may use image theory to 
show!® that the electric fields external to the conductor, 
due to the infinite line charge, are the same as the 
fields of two infinite line charges arranged in free space 
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Figure 17: Equivalent Charge Distribution 
for the Flelds External to a 
Cylindrtcal Conductor Near an 
Infinite Line Charge 


This diagram shows how two line charges can be arranged to 
give an equipotential surface at a radius dings) lt 
further shows that since the arrangement can be _ rotated 
without disturbing the equipotential, a series of line 
charges can be superimposed as in Figure 18 and still 


maintain the equipotential surface. 


ya vgn hot | 
beatae gr ae : mart 


ne bee a 
vagteuly enh s 


= 


ot Dagapyi6 ed Heo, sepando opts bye ce abbey. bonke i ) 

yy hie i ia 
72 3 1B eu ites s 38) eoeigie. Lekseiosegtan> 1s ® tp 
ferktor 9d, Ren “ionopaisae 9th . ae reT 
opel Yo: aaa. dsbimetoa tags, | 
ahd hin oF onuyts, Dy ae Bs 


45 


Figure ls: Superposition of Charge 
Distributions 


It now readily follows from the foregoing exposition 
that the net effect of the sixteen infinite line charges 
at radius b surrounded by a conducting surface of radius 

d' can be predicted by removing the shield and adding 


Sixteen image line charges at radius dz. as shown in 


Figure 19, 
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Figure 19: Equivalent Charge Distribution 
for a Sixteen Wire Quadrupole 
with a Magnetic Snield 


The net effect could be considered as two concentric 
lenses which produce gquadrupole-like fields. However, as 
in the original problem the charge values cannot be 
directly specified but must be calculated approximately 
from the boundary conditions. To reiterate, these 


boundary conditions are the potentials at the surfaces of 


47 


the wires. 


If one defines the distance from the kth image charge 
to the centre of the ith conductor as (xi then equation 


(2.4) can be modified as follows to allow for the image 


charges. 


N 
(4.11) Vee wit (Ln test Ln ani) 2 (tn b+ Pn Be ) 


Kei 


This result again yields sixteen simultaneous equations 


which can be used to solve for the charge values. 


Let us consider the values for d: (7.49 centimetres) 
and (1.66 centimetres). Substituting these values 
yields that dz is about 22b. Calculations with and 
without the image charges show a difference in is of 
less than .1% since di>>b. Therefore one may take the 
originally calculated charge values as a good 
approximation. Thus the potential distribution, except in 
the immediate area of a conductor, can be estimated by 
superimposing two quadrupole distributions as in equation 


(4.12). 
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Vive = oe xen y Veena 
ana xy) = (XY) aa Xara 


= Me (x*-¥*)( -,) =.998 “4 (x?-Y?) 


it therefore follows that the shield radius in this 
particular case is sufficiently large that the effect on 


the fields is negligible. 


4.5.2 Modifications Due to the Dielectric Support Tube 


The polyethylene tube used to support the lens 
structure has a relatively low dielectric constant 
(relative permittivity of 2.25) and was made as thin as 
possible to minimize any changes to the electric fields of 


the helipole. 


An approximate calculation of the perburbation to the 
electric fields due to the dielectric tube can be 
performed as follows. In the original derivation it was 
shown that the sixteen wires generated electric fields 
Similar to those of a cylinder with the potential 
distribution K(X2-Y2) at any point along it's surface. 
Consider, therefore, the two dielectric boundary value 


problem as presented in Figure 29. 
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Figure 20: Boundary Value Problem of 
the Dielectric Support Tube: 


A general solution to Laplace's equation in 
cylindrical coordinates with no longitudinal variations!? 


is: 


(4.13) Viv) = (B, rot Bar”) ar cosh¢g + By stn ape 


This equation is the general form of the solution assumed 
for Vir.o)and Vir,é), the potential distributions for the air 
and dielectric regions respectively. The constants were 


then evaluated by using the boundary condition for 
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potential at r=b and r=0, and the required boundary 


conditions on the electric field at r=d. This derivation 


(see appendix B) yielded: 


(4.14) V(r.) = Our ros 2due eae) 


where 


€ =a ke Gan Ecel \(j_ & area a ] 


(4. 15) 
: itt (ale 


The constant C reduces to one as d approaches b or as 

€y approaches one, thus yielding our original solution 
for quadrupole fields. However for €, equal 2.25 and d 
equal .76b, as shown in Figure 13, the value for cC is 
1.23, indicating that the electric fields will be 
approximately twenty-three per cent stronger due to the 
support tube. This result would imply that the required 


scaling factor D must be reduced by a similar factor. 
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4.6 Experimental Results 


4.6.1 Specific Admittance Limits 


The source of the electron beam is a narrow angle 
cathode ray tube so that, to a very good approximation any 
electron entering the lens from the gun can be considered 
as originating from a point source at the deflection 
plates of the gun, For a point source the stability 


factor (eqn. 1.4) becomes: 


(4, 16) 5 =(Bb) % = 202 


Since the stability factor must be greater than one, the 
upper limit for the quadrupole voltage (Vo) will be three 
hundred volts. A lower limit of 75V¥V was established in 
section 4.4.1 due to the earth's magnetic field. However, 
since the magnetic shielding after construction yielded a 
larger reduction in field than was first calculated as a 


minimum, this limit can be lowered somewhat. 


With a point source, the input momenta will be tied 
to the input position and thus the confinement criteria 
(1.7) presented in section 1.1.2 can be reduced to the two 


input position variables. Specifically: 
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IS = 
(4.17) Pro yy 
Be a 
ey, ‘i VW 


where w=57.2 cm is the distance from the gun deflection 
plates to the helipole entrance plane. Substituting .76b 
for ‘a* in equation (1.7) in order to account for the 
reduction of the usable aperature due to the dielectric 
support tube of the lens, and substitution of equation 
(4.17) yields an irreducible equation in Xo and _ Yo. The 
equation however can be solved numerically to show the 
portions of the entrance plane which can be. used. The 
acceptance regions for various values of quadrupole 


voltage are shown in Figure 21. 
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4.6.2 Horizontal Line Rotations 


An examination of the specific admittance limits 
derived in the previous section shows that any figure that 
one desires to describe with the electron beam on the 
entrance plane of the helipole, must have a rather small Y 
axis component if one desires to use most of the allowable 
range in quadrupole voltages. Therefore the first figure 
used to examine the guiding properties of the lens is 
simply a horizontal line. A computer program to calculate 
the path of a point source derived horizontal line through 
the lens and across the drift space from the exit plane to 
the phosphorescent screen was developed using the transfer 


matrix (Q(z)] (eqn. 1.4). 


Theoretically a straight horizontal line will undergo 
a simple rotation, the angle of which varies with the 
quadrupole voltage but is independent of the line's radial 
amplitude. The theoretical output for a number of 


voltages is shown in Figure 22. 
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Fizure 22: Line Rotations 


Electrode Potential 


The dashed lines represent the output for various values 


of voltage and the solid lines represent the track of the 


end points of the horizontal line with voltage. 


There is thus a functional relationship between 


rotational angle and lens voltage. This theoretical curve 


is presented in Figure 23 along with several 
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experimentally measured points which were obtained by 
photographing the output of the phosphorescent screen for 
various values of Vo. Note that these points are plotted 
using a scaled voltage rather than the actual voltage. 
The voltage values corresponding to the experimental 
points have been divided by a scaling factor of 1.29. 
This value cf scaling factor was found to be approximately 
optimal for the present geometry (see section 4.6.3). The 
theoretical scaling factor for the specific geometry of 
the system was calculated to be 1.55. Recall, however 
that the electric fields of the lens were computed to be 
1.23 times stronger than originally calculated, due to the 
dielectric support tube (section 4.5.2). Therefore the 
net theoretically required scaling factor weuld be 
1.55/1.23=1.26 which is quite close to the experimental 


value obtained. 
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gure 23: Rotational Angle Versus 


Electrode Potential 


of difficulties arose while taking these 
which necessitated rejecting a number of the 
The most difficult problem to overcome Was 


up on the support tube of the lens. If at 


any point in the process of setting up and measuring the 


line rotations, the beam was allowed to strike the 
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polyethylene tube then, since the tube was an insulator, a 
charge would build up along its inside surface. This 
charge distributior would then affect the path of the bean 
in an unpredictable manner for some time (up to two or 
three minutes ) until it would bleed away. Initially one 
of the major causes of this charge build-up was thermal 
drift in the deflection plate voltages as the tube type 
oscilloscope warmed up. This problem was rectified by 
inserting an extra switch into the heater circuit of the 
cathode ray tube which allowed the oscilloscore to run 
long enough to reach thermal equilibrium before activating 


the electron bean. 


The following procedure was used to minimize the 
probability of charge build up on the lens support tube. 
After the oscilloscope electronics had stabilized, the 
spot of the cathode ray tube was displayed. If the spot 
was not centered it would describe an arc similar to that 
shown for the end points of the horizontal lines (as shown 
in Figure 22) when the lens voltage was increased and 
decreased. By adjusting the horizontal and vertical 
offset controls of the oscilloscope the arc could be 
reduced to just a rotation of the spot. The beam was thus 
centered. The desired lens voltage was then applied and 
the beam expanded into a line sufficiently large to 
photograph reasonably well. The voltage was then reduced 


to zero. If no charge build-up had occurred, then the 
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line would immediately return to a horizontal position. 
If charge build-up had occurred, then the line would 
generally maintain some angle to the horizontal and slowly 
drift back to a horizontal line. The photograph would in 
this case be rejected. This phencmenon was found to occur 
most prevalently in the two to three hundred volt range 
where allowable acceptance regions made measurements 
(particularly those approaching 300 volts) difficult to 


obtain(see Figure 21). 


Another difficulty energed part way through the 
Measurements. Quite unexpectedly the spot displayed split 
into two separate spots. Initially it was assumed that 
some type of electrical interference was possibly being 
coupled into the system. Thus the layout and shielding of 
some of the feeds to the cathode ray tube were modified 
and the effort was rewarded by the number of the spots 
increasing from two to three and then to four. Feeling 
that such a complex wave form was unlikely from electrical 
interference an alternate source of this phenomenon was 
sought. If not deflected by fields, the beam position 
could be changed by physically moving the cathode ray 
tube. It was postulated, therefore, that the cathode ray 
tube and its supports were rocking in some complex forced 
oscillations fed by vibrations through the structure 
originating from the turbo-molecular pump. The somewhat 


pragmatic aprfroach of sharply tapping the experimental 
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Chanber with a hard object temporarily squelched the 


oscillations. 


A few of the actual photographs obtained are 
peesenteds in, lllastration 1. The actual unscaled 
electrode voltage is supplied with each photograph. Note 
that in the Vo=133V case a small mechanical viktration is 
superimposed on the electrostatic plate deflection, 
causing the line to spread and almost form two close 
parallel lines. The relative angle measurements for the 
experimental foints shown in Figure 23 were obtained by 
measuring the angle between the line in the Vo=0 
photograph and the lines in the other photographs. Lt 
should be pointed out that in view of all the 
aforementioned experinental ditticuleies approximately two 
weeks were reguired to compile the eleven experimental 
values shown in Figure 23. While no quantitative error 
analysis was attempted the agreement with the 
theoretically expected curve lends a measure of confidence 
to the experimental values. Notes Chater? tars  toebe 
expected that the agreement between theory and experiment 
will be less precise at high and low voltages. At high 
voltages the angular rotation per volt is large and small 
errors in quadrupole voltage can produce anomalous line 
rotations. At low quadrupole voltages the residual 


magnetic field can significantly perturb the particle 


trajectories. 
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4.6.3 Other Figures 


It was felt that the effect of the helipole on some 
figures more complex than a Simple horizontal line would 
provide a more graphic illustration of the effects of the 
helipole. Specifically, the unique property of imaging 
the input positions and momenta for a specific value of 
lens voltage (240 V) was of interest. However from the 
admittance curves (figure 21) it can be seen that the 
acceptance area shrinks rather rapidly in the 200 to 390 
volt range. Experimentally it was found that the charging 
of the lens support tube was difficult to avoid if figures 
much larger than the obtainable line width were attempted. 
For this reason values more in the mid-range of allowable 


lens voltages were used. 


Accurate amplitude measurements of the size of a 
figure were difficult due to the relatively large size and 
irregular shape of the spot obtained at the target. 
However, as in the case of the horizontal lines, 
reasonably accurate relative angle measurements between 
lines could be made. Therefore, the second figure chosen 
was a rectangle. However, rather than generating an 
actual rectangle it was found to be easier to simply 
generate a spot at each corner of the figure, as shown in 


Illustration 2. The required voltage waveform necessary 
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to generate this figure is quite easily obtained by 
attaching two J-K flip flops in series to form a. binary 
counter. The output of the counter, when driven with a 
master clock, has four distinct states (one for each 
corner) and can be applied to the horizontal and vertical 
deflection plates of the cathode ray tube in order to 


generate the desired figure. 


The form of the rectangle for the values of electrode 
voltages of VYo=0 and Yo=207 voits is shown in Illustration 
2. By substituting the input positions and momenta of the 
new figure into the computer program developed for the 
horizontal line rotations, the output for various values 
of Vo can be computed. Theoretical outputs, similar to 
those of Illustration 2, are shown in Figure 24 for 


several values of Vo. 
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Figure 24: Helipole Effect on a Rectangle for 
Various Values of Vo 
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For Illustration 2 the measured value of the included 
angle, as indicated in FPigure 24, is approximately 75 
degrees. This angle implies a lens voltage of Vo=160V. 
Since the actual helipole voltage used was 207V, the 
indicated scaling factor is 1.29. This experimental 
scaling factor agrees almost exactly with the theoretical 


net required scaling factor of 1.27. 
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CONCLUSIONS 


A new structure to generate the uniformly twisted 
quadrupole fields of a helipole has been proposed. An 
approximate analytical solution for the quadrupole fields 
has been derived and has been verified by both a field 
mapping technique and by constructing an experimental 
helipole,. Some basic guiding properties of the helipole 
were demonstrated with the aid of a steerable electron 
beam. Close agreement was obtained between the analytical 
solution and the experimental results. The helipole 
developed in this thesis is much more easily constructed 
than a conventional quadrupole systen,. It should be 
relatively simple to construct a helipole guiding system 
by twisting the appropriate electrode wires about an 
insulating tube, reversing the pitch as necessary to 


produce any desired quadrupole multiplet effect. 


Alignment problems, which are common to standard 
quadrupole systems, are not likely to present any 
difficulties due to the continuous nature of the new 
helipole geometry. The only restriction on the 
structure's use is that care must be taken to avoid 
striking the structure with the charged particle bean. 
The charging probles encountered can be alleviated 


however by positioning the electrode wires on the inside 
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APPENDIX A Scaling Factor 


Once equation 2.4 is solved for the values of 
equivalent line charge density, equation 2.2 can be used 
to compute the potential at any point in the cross 
sectional (X,Y) plane of the new structure. In order to 
compare the computed (by 2.2) potential distribution Vc 
to the desired distribution Vd=k(X2-Y2), one can _ pick 
some nominally arbitrary points in the plane and examine 
the error. Error is defined as ((Vd-Vc)/Vd) *100, which 
gives one a percentage term. Since there is symmetry 
about both the xX and the Y axis in both the number of 
wires and in the desired potential distribution, it is 
sufficient to examine only the first quadrant of the 
entrance plane. The error for a number of points in the 
first quadrant was calculated with the scaling factor 


D=1. The results are shown in Figure 25. 
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Figure 25: Error Distribution for a 
Scaling Factor of One 


Obviously the calculated potential distibution does 
not compare well in amplitude with the desired 
distribution. However one will notice that the 


percentage error is almost constant for all points, 
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indicating that the calculated distribution varies with 
position in the desired manner but lacks the strength of 


the desired distribution. 


If, however, an appropriate scaling factor (1.55 
for the experimental structure's geometry) is put on the 
applied potentials, then the results are as shown in 
Figure 26. This figure shows that over the region of 
interest, i.e. the area enclosed by the dielectric 
support sleeve (cr<.76b), the calculated potential 
distribution follows the desired distribution quite 


closely. 
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APPENDIX B 


Correction Factor Due to the Dielectric Support Tube 


A solution for the boundary value problem shown in 
Figure 2M is sought. It can be shown!” that a general 


solution to Laplace's equation for the desired potential 


distribution is 


Vi, (rd) = (8, re ‘ Bar’) (B; cOShd + By sinng) 
(B. 7) 


Valv, 6) =(CGr" te Car) (Cs cosnd +Cysin n¢) 


where the B's and C's are arbitary constants. 


Application of the boundary condition at r=b 


Valr, 6) rea Vo cos 2¢ 


(B. 2) e 

(ap + Ca me Ce cos no + Cy sin ng) = Vercos2 9 
implies 
(B. 3) ee Ci= 0 


and therefore 
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sell yas 
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(B. 4) (Gish Gale) cos 2g = Ve cos 2D 


where Cs has been absorbed into C. and C2, 


from which one obtains 


2 2 
(B. 5) V2 (r,¢) = Gere ite ey cos ae) 


2 


If one next applies the boundary condition at r=0 


ae V, (o9)| < 60 
(8, Ea | (Byccate omen 24) <a ee 


this implies 


(B.7) 
and therfore 


(B. 8) 
Vi(r,¢) = r°(B, cos I) + By Stn 2¢) 


There are two further boundary conditions at 


15 


r=d 
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which are that the tangential electric fields must be 
egual and that the normal electric displacement 


densities must be equal i.e, 


= tan! = pes 


(B.9) 
by = Dr 


Applying the first of these boundary conditions 


leche | Ve 
r o¢ r o¢ 
ee | 
(B.10) vee i 
| Az Nees (Vo-Gb) \e. 
Ze Gyess 2¢ - Bs sin 2¢)| a a si L 
“dg ve 
implies Bu=O 


(Be 11) 
from which 


b'(Ve -C.b*) 
{B.12) B3 = Gr we! d* 


Then applying the second boundary condition at r=d 


LTE if 
eto > 
a ary fi 
* me hs 5) ; 7 
= 


VW. 


ov, 
dr 


= OV: 
Shae Sacee 


or 


(B. 13) 


rad red 


Les cos 2¢| = epi ane = sees) cos 2¢ 
red red 


from which 


Te a Ie 
(B. 14) Be Ce eM 


Combining equation B.12 and B.14 yields: 


4 
SB (ern tas 
COED Es el eerantsy 


Finally substituting Bs and B+=9 into equation B.8 gives 


one 


Vi (rp) =i) ma r7cos l¢ 


(B. 16) 


ee (een(ia). ar [ 
LR cele hp 


which is the potential distribution in the free space 


: i? 4 » tai 


region inside of the dielectric sleeve. 
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